The one-band Hubbard model on the pyrochlore lattice contains an extended quantum spinliquid phase formed from the manifold of singlet dimer coverings. We demonstrate that the massive and deconfined spinon excitations of this system have fermionic statistics. Holonic quasiparticles introduced by doping are also fermions and we explain the origin of this counterintuitive result. PACS numbers: 75.10.Jm, 75.10.Kt, 75.40.Gb Quantum spin liquids (QSLs) have become a focus of intense activity in theory, numerics, experiment, and materials growth. Theoretical interest is driven by the possibility of understanding unconventional gapped and gapless quantum ground states, including their entanglement, topological properties, and fractional elementary excitations [1] . Although many QSL properties have been studied by considering somewhat abstract quantum dimer models (QDMs) [2] , Kitaev models [3] , SU(N) [4] , and other models, only recently have they been proven exactly in a physically relevant Hamiltonian, the oneband Hubbard model on the pyrochlore lattice [5] .
In common with more abstract QSLs, the pyrochlore QSL is based on a highly degenerate ground manifold, occurring at an exactly solvable Klein point in a frustrated spin model [5] [6] [7] . The basis states are the set of nearest-neighbor dimer coverings and an exact treatment of the physically relevant perturbations away from the Klein point reveals an extended region of parameter space where the ground state is a three-dimensional (3D) QSL with massive and deconfined spinon excitations.
In this Letter, we explore in detail the properties of the pyrochlore QSL. Because all states of the ground manifold are known exactly, as are all transition matrix elements, the system may be understood completely and related to existing QSL knowledge. Here we compute the statistics of the spinon excitations, demonstrating that they are fermionic. We then find that holons, the charged quasiparticles obtained by doping the QSL, are also fermions. In explaining this result, we establish the connection of these emerging fermions with gauge fields, represented by strings, as anticipated in Ref. [8] .
The pyrochlore lattice is a 3D array of corner-sharing tetrahedra [ Fig. 1(a) ]. The low coordination number, prevalence of triangles, and relevance of the "ice rules" [9] all contribute a wealth of phenomena in the physics of frustrated magnetism, including those found in semiclassical "spin-ice" materials [10] . In Ref. [5] , we demonstrated that a fully quantum mechanical system of S = 1/2 spins on the pyrochlore lattice has an extended QSL ground state, largely due to the symmetric, four-site nature of the tetrahedra and the zero-divergence condition [5] . Lines are drawn on all up-pointing arrows of the six-vertex representation and do not cross in the (xz) plane. (b) Spinon motion in the checkerboard lattice, where lines are drawn on all right-pointing arrows and do not cross inŷ [7] . Local processes allow the spinons to move off the line changing direction at the DT (shaded plaquette).
(two in-and two out-pointing arrows in the six-vertex representation [ Fig. 1(a) ]) encoded in the ice rules.
The spin excitations of this QSL are two free S = 1/2 objects liberated by the destruction of a singlet, at the cost of creating one defect tetrahedron (DT, a finiteenergy spin state) [7] , which gives them a mass [5] . Once created they are deconfined, their quantum dynamics allowing free propagation at T = 0, albeit qualified by dimensional reduction [7] . Because the entropy scales with L [5] , the effective system dimension is d = 2; spinons move normal to the planar degrees of freedom. However, the situation is quite different from the strict linear spinon motion of Ref. [6] . In the line representation [7] , the non-Klein-point ground states of the pyrochlore QSL have on average one line per tetrahedron [ Fig. 1(a) ]. Local processes in this maximally degenerate submanifold allow free movement of spinons from one line to another [ Fig. 1(b) ], whence their motion is indeed fully 3D.
A direct consequence for the physical properties of the pyrochlore QSL is that these gapped spinons mediate short-ranged spin-spin correlation functions. However, in the ground manifold of highly degenerate dimer states, dimer-dimer correlations are algebraic [7] , i.e. longranged, both at and off the Klein point. This "Type-II Gapped" QSL [11] , meaning with a singlet-triplet gap (a spinon pair is a triplet) but no singlet-singlet gap, re-quires the rigorous dimerization of all spin degrees of freedom (perfect singlet formation) to display the two contrasting paradigms for QSL nature simultaneously. Thus classifying the pyrochlore QSL as "gapped" is somewhat semantic, or probe-dependent, as it is also an algebraic dimer liquid.
A fundamental question about any QSL concerns the statistics of its quasiparticles. The connection of the intrinsic spin to the fundamental statistical nature of a particle dates back to Pauli [12] . Without Lorenz invariance, as in a solid, new options exist, such as suggestions for bosonic spinons in certain types of system [13, 14] . Studies of quasiparticle statistics in cuprate-inspired models and QDMs revealed [15] that statistics are optional in 2D because flux attachment can interconvert bosons and fermions. However, for QDMs and also for our checkerboard QSL, bosonic or fermionic statistics are the only options (anyons are excluded).
Quasiparticle statistics are expected to be robust in 3D, but more challenging to compute because there is no unique exchange path. A definition of statistics based on the quasiparticle hopping algebra [8] was recently specialized [16] to compute the statistics of monomers in a 3D QDM, by introducing a structure of directed loop processes, performing calculations relative to a specific sign convention, and deducing the expression θ ex = θ s + φ. Here θ ex is the flux (effective statistical angle) for exchanging two quasiparticles and φ, the flux due to changes required of the dimer background to restore the starting state, is computed by taking a single quasiparticle around exactly the same path. One may then deduce the true statistical angle θ s .
We apply this procedure [16] to compute the statistics of S = 1/2 spinons moving in the SU(2) dimer background of the pyrochlore QSL. The available local moves are obtained by applying the spin Hamiltonian
which acts on each individual tetrahedron l, whose total (four-site) spin is S l,tot [5] , and therefore exchanges the spinon position with one end of the dimer on tetrahedron l. The primary difficulty in the pyrochlore geometry is finding valid paths, composed only of these moves, which both exchange particles and restore the starting state. This requires additional moves only of the dimer background [16] , meaning Rokhsar-Kivelson (RK) processes [5] , the minimal 8-(12-)bond loops in 2D (3D).
Valid one-and two-spinon processes are possible only when the quasiparticles are located next to, but not on, a "flippable" loop (one allowing an RK process [5] ), as represented in 2D in the starting panels of Fig. 2 . The minimum number of local moves required to exchange two spinons (left panels of Fig. 2 ) is 6 (8 in 3D). However, this exchange alters the dimer background by one regularly-shaped RK loop and a single RK process is required to restore the starting state. When a single spinon moves on exactly the same loop, the starting dimer configuration blocks the site from which the second spinon began and the process requires a symmetrical RK loop (right panels of Fig. 2 , second from top) acting in the neighboring square of the system. Repairing this aspect of the starting state requires an asymmetrical RK process (6th panel), and a further RK loop is required to repair the dimer background around the square of the spinon loop (1st and 7th panels).
We compute the associated signs from a sign convention [ Fig. 3 each local process may be deduced only from the triangle of sites formed by the moving spinon and dimer. The relevant process in H t , S i . S k , cast as the permutation operator P ik = 2( S i . S k + 1/4), acts on the three-spin state
This process changes the effective singlet sign on the loop, which traverses the sites in the order ijk; the same applies for a spinon of opposite spin, | ↓ k . The overall statistical angles are the products of these sign exchanges along the even-length loops of Fig. 2 with the factors due to the RK loops.
For two-particle exchange, the symmetric RK loop contributes +1 and the overall factor is e iθex = (−1) 6 .(1), whence θ ex = 0. For the single-spinon loop, the six local spinon-dimer exchange moves and the accompanying RK process contribute the same factor. However, the two additional RK processes of necessity have different shapes, which is critical in that the asymmetrical RK loop contributes a factor of −1. Thus we conclude that φ = π and hence θ s = π, meaning spinons are fermions.
This result arises essentially due only to the rearrangement of dimers, i.e. emerging fermionic statistics are purely a consequence of the dimer background. Results for the 3D pyrochlore [ Fig. 3(b) ] are identical to those in 2D [ Fig. 2] . The processes involve even numbers of local spinon moves and RK loops symmetrical other than a single asymmetrical one in the one-spinon process.
To understand this result, we observe that the dimer singlets are bosonic objects created by an operator
, which is manifestly a composite of two fermionic electrons. At half-filling, there is no real motion of the charge degrees of freedom and for processes within the ground manifold there is a meaningful sense in making the replacement
where f † iσ creates a spinon, an entity with only spin degrees of freedom. These spinon operators describe completely the changes of spin correlations between sites during all processes changing the dimer coverings. Spinons are fully spin-polarized; a direct consequence of perfect singlet formation ( S i . S j = −3/4) is that a spinon has zero entanglement with any dimer spins. However, at the energy scale of the Hubbard repulsion U , appearing in the denominators of J 1 and J 2 (1) [5] , dimer rearrangement processes are precisely the virtual motion of electrons described by the operators c † iσ ; the effective spinon description is redundant and it is not surprising that the spin degrees of freedom are fermionic.
We turn next to the statistics of hole-like quasiparticles. Charge degrees of freedom arise on doping into the half-filled band [5] and incur an energy penalty from the concomitant introduction of DTs. The deconfinement of spinons leads to immediate spin-charge separation [5] , but the "holons" also propagate in the dimer background through the kinetic term −t ij ,σ c † iσ c jσ of the Hubbard model. An important point not made in Ref. [5] is that the holon band width may remain of order t because, unlike the familiar square-lattice case, no local magnetic ordering acts to suppress hole motion.
Proceeding as for spinons, the action of σ c † kσ c iσ on
there is an exact permutation of the hole state |0 k with one end of the dimer, leading again to a sign-change along the loop. The full situation, depicted in Figs. 3(c) and 3(d) for two representative steps of the exchange and one-holon processes, is identical to that for spinons. The local quasiparticle moves give even numbers of −1 factors and the RK loops determine the statistics. We conclude that holons are fermions.
The most transparent way to understand holon statistics is to introduce them as a pair, which replaces a dimer, i.e. h † i h † j d ij with h † i = σ c iσ . Both quasiparticles are entirely decoupled from the dimers in the same way as the (fully polarized) spinons and hence their motion under all local dimer processes gives them fermionic statistics. An elementary understanding is that a holon is simply the absence of an electron, is therefore fermionic, and should more accurately be termed a "hole." The action of h † i on the dimer state |d ij leaves
, which creates a spinon state, of no relative charge and perfect spin polarization along −x, fully specified by electron operators.
Concerning the need to dope pairs of holons, it was pointed out in Ref. [8] that emergent fermions are nonlocal objects and should always be considered in pairs. In dimer-based systems such as the pyrochlore QSL, eliminating a single electron (or spin) from the ground manifold results in its lonely ex-partner forming a new singlet, the new unpaired spin forming another new singlet, and the sequence continuing in a 1D string out to the boundary, creating a non-local object. Thus in Ref. [5] the lonely ex-partner was considered as a spinon, and doping was taken to replace each bosonic dimer by one holon and one spinon; we have proven here that both quasiparticles are fermionic. In the pyrochlore QSL there is no sense in which spinons and holons are fractionalized electrons; instead they are fractionalized dimers, these being the fundamental objects of the system. The general case of arbitrary quasiparticle number reflects the gauge symmetries, or local conservation laws, of the system. The only strict local conservation law, the zero-divergence condition, is one dimer per tetrahedron. In the presence of quasiparticles and DTs, one has n di + n DT i = 1 for the dimer and DT numbers on every tetrahedron i. Each DT introduces two free quasiparticles, restricted only by a global conservation law, Σ i [(n si + n hi ) − 2n DT i ] = n s + n h − 2n DT = 0. This expression corresponds directly to the "effective charges" of spinons (−1), holons (−1), and DTs (+2) [5, 7] . The holon number is the dopant concentration, Σ i 2n hi /N = 2n h /N = x, which specifies the "charge sector" of the system, another global constraint. Encoded as a gauge principle, the sole local constraint corresponds to a U(1) gauge theory [17] , and hence in the pyrochlore QSL, even with doping, only one U(1) symmetry emerges from the local physics of the dimers and quasiparticles.
To make the gauge symmetry of the system more rigorous, and its connection to "strings" [8] more transparent, we follow the description of Ref. [18] . The presence or absence of a dimer connecting any two sites a and b in the same tetrahedron is denoted by the states σ Creating a DT in the basis wave function |ψ c replaces σ Fig. 4(a) . The local processes causing the two quasiparticles to move away from the DT are q h σ Fig. 4(b) ] and then Fig. 4(c) ]. This exact spin representation is transformed to a lattice gauge theory by σ ± = e ±iAij / √ 2 with a real, compact phaseand the Lagrangean is invariant for all lattice sites under the gauge symmetry
iθi is a U(1) gauge field. These gauge terms are a complementary description of the strings of Fig. 4 .
Finally, concerning possible superconductivity in the doped pyrochlore QSL, minimal renormalization of the hopping t means that significant kinetic energy may be gained by holon motion. Holes doped into the insulating (gapped) half-filled system will create a small Fermi surface. Given the attractive but weak potential energy caused by the immobile DTs [5] , it appears likely that holons, being fermionic, will pair and then superconduct at suitably low temperatures, presenting a concrete example of RVB-type superconductivity [19] .
We close with a brief discussion of the three key features exhibited by the pyrochlore QSL. The fundamental property of the pyrochlore geometry is its four-site unit, which allows each unit to contain one dimer in the ground manifold. The dimer-based structure of the QSL establishes the local constraints determining the quasiparticle statistics. The constraint also links the creation of propagating quasiparticles to the two sites of their DT. Schematically, the composite operation e iθi q i e iθj q j e −iθij d ij has a phase degree of freedom restricted by θ i +θ j −θ ij = 0, where θ i is a U(1) quasiparticle phase and θ ij = 2A ij is given by the lattice gauge field. This link remains present as a gauge string and the memory of the missing dimer (violation of the constraint) is preserved in the wave function through A ij . Finally, the fermionic nature of both spinons and holons is no big mystery. Both are the physical quasiparticles of the starting Hubbard model. There is no sense in which one is fractionalizing an electron, only pairs of electrons (dimers). The resulting fractions are fermions, the spinon having the essential characteristics of the electron and the holon of a missing electron.
In summary, we have considered the properties of quasiparticles in the 3D pyrochlore quantum spin liquid. Both spinons and holons have fermionic statistics. These statistical properties are conferred entirely by the dimer background in the states of the highly degenerate basis manifold. Spinons and holons are linked by strings of only one type, which correspond to an effective gauge field whose origin lies in the conservation of dimer number. Holons are subject to attractive interactions and are expected to exhibit weak pairing and superconductivity.
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